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What Is This Talk About?

Can we certify safety and/or
persistence (= stability) of a
dynamical system that is:

* neural-controlled,
* continuous-time, and
* stochastic.
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What Is This Talk About?

Can we certify safety and/or
persistence (= stability) of a
dynamical system that is:

* neural-controlled,
* continuous-time, and
* stochastic.

As a bonus, we also allow
non-stationarity!
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What Exactly Do We Certify?

For any state from the

* Reach-avoidance — the system is
able to reach the subspace of
target states X without entering
the unsafe states X

* Staying — at some point the system
stays in the target states X, .

We are interested in formal guarantees of either property (or both).
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Deterministic Example
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Deterministic Example

Control: a=m(p,v) System'’s Dynamics: p=v
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Deterministic Example

Control: a=rmn(p,v)

g!g "4
N

System'’s Dynamics:

General formulation: u = m(x)
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Deterministic Certificates

How do we certify safety and stability for a deterministic dynamical system?

u=m(x) and  x=f(x,u) -  x=f(x,m(x)=f,(x)
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Deterministic Certificates

How do we certify safety and stability for a deterministic dynamical system?

u=m(x) and  x=f(x,u) -  x=f(x,m(x)=f,(x)

Stability
Lyapunov functions V are stability
certificates; they satisfy:

* V(0)=0;

* V(x)>0forxz0;

* V- f (x)<0forx=0.

They certify that the system
converges to the equilibrium x = 0.
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Deterministic Certificates

How do we certify safety and stability for a deterministic dynamical system?
u=m(x) and  x=f(x,u) -  x=f(x,m(x)=f,(x)

Safety
Control barrier functions V are safety
certificates; they satisfy:

e V(x)<saforxe;
* V(x) 2 B for x € X, where a < B;

Stability
Lyapunov functions V are stability
certificates; they satisfy:

* V(0)=0;

* V(x)>0forxz0;

* V- f (x)<0forx=0. * V- f (x)<-€eforx eX\X, st V(x)<pB.
They certify that the system They certify that the system reaches X
converges to the equilibrium x = 0. from X without entering X,
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Intuition Behind the Certificates

AN

Zeroth
Research 7/16



Intuition Behind the Certificates

AN

Stability
« V(0)=0
* V(x)>0,x#0
*W-f(x)<0,
xz0
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Intuition Behind the Certificates

Safety
*V(x)sa,x e
* V(x) 2B, x €X,
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Intuition Behind the Certificates

AN

Safety
*V(x)sa,x e B
* V(x) 2B, x €X,
* WV f(x)<-€
x € X\X, and
V(x)<a
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Stochastic Differential Equation
dX, = f(t,X,) dt + g(t, X,) dW,
drift diffusion
System’s Dynamics

drift

Il

[t
diffusion g
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Neural Stochastic Differential Equation

U, = m(x,) dX, = f(t,X,, U,) dt + g(t, X, U,) dW,
policy ot diffusion
Control System’s Dynamics

’ drift
X @%ﬂ ! :iﬁ
diffusion g

bbbl
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Reach-Avoid Specification

For any , certify:
* reach-avoidance with probability
at least €.
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Reach-Avoid Specification

For any , certify:
* reach-avoidance with probability
at least €.

We prove that we can find a certificate
and set barriers so that

e=1-2

B
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Reach-Avoid Certificate

1. V(t,x)=20for x €X;
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Reach-Avoid Certificate
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Reach-Avoid Certificate

1. V(t,x)=20for x €X;
2. V(t, x,) < afor ;
3. V(t,x) 2 B for x € X;
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Reach-Avoid Certificate

. V(t,x)20forx eX;
. V(t, x,) < a for ;
- V(t,x) 2 Bfor x € X,;

. G_V(t,x) < 0forx ¢ intX, such
that V(t, x) < B.

N W N

G, is the infinitesimal generator (= stochastic gradient). It shows the expected change of
a function along the state trajectory process.
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How Do We Find This Certificate?

We train it using a neural network using the following loss:

L=L®+L0+L*+L¢+R

Lo= > (B-Ve0) L= > (Valxp)-a)
xeBnX® xoeBn
Le= > (Bs-Vex) L= > (G +Q)
xeBnX, xeBn(Lg\Lag)
N-1 .
R=ATTIWO, .,
Zeroth i=0
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The Certificate’s Correctness

We use interval bound propagation to verify that the certificate is correct.
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The Certificate’s Correctness

We use interval bound propagation to verify that the certificate is correct.

The certificate network
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The Certificate’s Correctness

We use interval bound propagation to verify that the certificate is correct.

324
() ()5

The certificate network The bounded certificate network
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Cell-Splitting for Verification

Verify that V < a for all x, €

Zeroth
Research 13/16



Cell-Splitting for Verification

Verify that V < a for all x, €

1. Cover X with cells (axis-aligned bounding boxes).
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Cell-Splitting for Verification

Verify that V < a for all x, €

1. Cover X with cells (axis-aligned bounding boxes).

2. Find the
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Cell-Splitting for Verification

Verify that V < a for all x, €

1. Cover X with cells (axis-aligned bounding boxes).
2. Find the and upper bound on V at each cell.

3. Acellis falsified if the bound is above the
threshold. The considered property does not hold.
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Cell-Splitting for Verification

Verify that V < a for all x, €

1. Cover X with cells (axis-aligned bounding boxes).
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Cell-Splitting for Verification
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5. If there are unverified cells, split them and repeat.
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Everything Together All at Once

Control System’s Dynamics

’ drift f
) b LT

’ >]] diffusion #% g
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Everything Together All at Once

Control System’s Dynamics Training

‘ diffusion —> 9

v

certificate
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Everything Together All at Once

s )

Control System’s Dynamics Training
arife —+ f
—u :j/
diffusion '——> g % ‘;27‘2/
derivatives
v
certificate

Zeroth
Research

14 /16



Everything Together All at Once

Control System’s Dynamics Training
‘ [arift |— 1
b LT F+ c
‘ diffusion '——> g % ‘;27‘2/
derivatives
v
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Everything Together All at Once

Control System’s Dynamics Training

drift
e ﬁu:j = E
ox ox2

loss L
derivatives

v

certificate

+
©

diffusion
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Everything Together All at Once

Control System’s Dynamics Training
‘ drift f

e jE = o
‘ diffusion —— 9 % ‘;27‘2/ l
loss L

derivatives

v

certificate }<—— Vol
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Everything Together All at Once

Control System'’s Dynamics Training Verification
‘ drift f
7 X — U= r—) G,V ——i bounded generator
‘ diffusion |——> 9 % ‘;27‘2/ l bounds on G,V
loss L
derivatives
v bounds on V

L

certificate — Vgl { bounded certificate }

]
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Everything Together All at Once

Control System'’s Dynamics Training Verification
‘ drift f
— X — = U= r—> G,V ——{ bounded generator
‘ diffusion |——> g % ‘;27‘2/ l bounds on G,V
loss L 1
derivatives counterexamples
v bounds on V

L

certificate — Vgl { bounded certificate }

]
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Example — Inverted Pendulum
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Example — Inverted Pendulum

~/
u 1
6
g
g . Mu, - by,
do, = (T sing, + T)dt +odW,
de, = @, dt
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Example — Inverted Pendulum

Mu, -b
do, = (% sing, + ;nT(pt)dhoth

de, = i, dt
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Thank you for your attention!
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